Abstract. The classification problem for holonomy of pseudo-Riemannian manifolds is actual and open. In the present paper, holonomy algebras of Lorentz-Kähler manifolds are classified. A simple construction of a metric for each holonomy algebra is given. Complex Walker coordinates are introduced. Complex pp-waves are characterized in terms of the curvature, holonomy and the potential. Classification of Lorentz-Kähler symmetric spaces is reviewed.
Introduction
The holonomy group of a pseudo-Riemannian manifold (M, g) is an important invariant that gives rich information about the geometry of (M, g). This motivates the classification problem for holonomy groups of pseudo-Riemannian manifolds. The problem is solved only for connected holonomy groups of Riemannian and Lorentzian manifolds. The case of Riemannian manifolds is classical and it has many applications in differential geometry and theoretical physics, see e.g. [9, 14, 33] . The case of Lorentzian manifolds took the attention of geometers and theoretical physicists during the last two decades, see the reviews [3, 24, 25] and the references therein. In the other signatures, only partial results are known [12, 13, 7, 23, 27, 28, 34] . The main different between holonomy groups of Riemannian and proper pseudo-Riemannian manifolds is that for Riemannian manifolds all considerations may be reduced to the case of irreducible holonomy groups, while in the case of proper pseudo-Riemannian manifolds one should consider also holonomy groups preserving degenerate subspaces. Berger [10] classified connected irreducible holonomy groups of pseudo-Riemannian manifolds of arbitrary signature. Note that there is a more general classification of connected irreducible holonomy groups of torsion-free affine connections [39] .
Preliminaries
The theory of the holonomy groups of pseudo-Riemannian manifolds can be found e.g. in [9, 33, 23] . Let (M, g) be a pseudo-Riemannian manifold of signature (r, s). The holonomy group G x of (M, g) at a point x ∈ M is the Lie group that consists of the pseudo-orthogonal transformations of the tangent space given by the parallel transports along all piecewise smooth loops at the point x. This group may be identified with a Lie subgroup of the pseudo-orthogonal group O(r, s). The corresponding subalgebra of the pseudo-orthogonal Lie algebra so(r, s) is called the holonomy algebra and it determines the holonomy group if the manifold is simply connected. The Ambrose-Singer Theorem states that the holonomy algebra is spanned by the endomorphisms τ −1 γ
• R y (τ γ X, τ γ Y ) • τ γ of T x M , where γ is a piecewise smooth curve starting at the point x with an end-point y ∈ M , and X, Y ∈ T x M . This implies that the holonomy algebra satisfies a strong algebraic condition being spanned by images of the algebraic curvature tensors; algebras satisfying this property are called Berger algebras (see below), and they are candidates to the holonomy algebras.
The fundamental principle for holonomy groups states that there exists a one-to-one correspondents between parallel tensor fields T on (M, g) and tensors T 0 of the same type at x preserved by the tensor extension of the representation of the holonomy group.
A subgroup (resp. subalgebra) of the pseudo-orthogonal Lie group (resp. algebra) is called weakly irreducible if it does not preserve any non-degenerate proper subspace of the pseudoEuclidean space). The Wu decomposition theorem implies that if the holonomy algebra of a pseudo-Riemannian manifold is not weakly irreducible, then the manifold is locally decomposable, and the holonomy algebra is the direct sum of weakly irreducible holonomy algebras. This allows us to assume that the holonomy algebra is weakly irreducible. Irreducible holonomy algebras of pseudo-Riemannian manifolds were classified by Berger [10] , so we are left with weakly irreducible not irreducible holonomy algebras.
A pseudo-Kähler manifold is a pseudo-Riemannian manifold (M, g) with a g-orthogonal complex structure J that is parallel. By the fundamental principle, the equivalent condition is that the holonomy group of (M, g) is contained in the pseudo-unitary group U( r 2 , s 2 ) (the numbers r and s must be even). Together with J, M becomes a complex manifold; the tensor fields g and J define a pseudo-Kähler metric h on M of complex signature ( r 2 , s 2 ). We are interested in holonomy groups of pseudo-Kähler manifold of real signature (2, 2N ), i.e. of complex signature (1, N ). Such manifolds are called Lorentz-Kähler manifolds. Let N = n + 1, n ≥ 0. The tangent space of a Lorentz-Kähler manifold may be identified with the pseudo-Hermitian space C 1,n+1 with a pseudo-Hermition metric h. From the Berger classification it follows that the only irreducible holonomy algebras of Lorentz-Kähler manifolds are u(1, n + 1) and su(1, n + 1). In fact, these Lie algebras exhaust irreducible subalgebras in u(1, n + 1) [21] .
Fix a Witt basis p, e 1 , . . . , e n , q of C 1,n+1 , i.e. the non-zero values of the metric h are the following: h(p, q) = h(e j , e j ) = 1. In particular, the vectors p and q are isotropic, and the vectors e 1 , . . . , e n form a basis of the Hermitian space, which we denote by C n . We will be interested in the subalgebra u(1, n + 1) Cp of u(1, n + 1) preserving the complex isotropic line Cp. In the matrix form we have
We will denote the above matrix by the 4-tuple (a, A, Z, c). For the Lie brackets we have
We obtain the decomposition
Note that the subalgebra C n ⋉ iR ⊂ u(1, n + 1) Cp is isomorphic to the Heisenberg Lie algebra, and the subalgebra su(1, n + 1) Cp ⊂ u(1, n + 1) Cp is isomorphic to the Lie algebra of the similarity transformations of the Heisenberg space. We will denote the complex structure on C 1,n+1 by J.
We will consider real vector subspaces of C n of the form
Note that in general L 0 is different from this one, since L 0 may not contain an h-orthonormal basis of C n−m . For the case n = 0 let us consider the subalgebra g 0 ⊂ su(1, 1) defined in the following way. Consider the Witt basis p 1 , p 2 , q 1 , q 2 in R 2,2 and define the pseudo-Hermitian structure J such that Jp 1 = q 2 , Jp 2 = −q 1 . Let
The Lie algebra g 0 commutes with J, hence it is contained in u(1, 1). Moreover, g 0 ⊂ su(1, 1). The Lie algebra g 0 preserves the vector subspace span R {p 1 , p 2 }, which is not J-invariant.
The Classification Theorem
Theorem 3.1. 1) A subalgebra g ⊂ u(1, 1) is the weakly irreducible not irreducible holonomy algebra of a Lorentz-Kähler manifold of complex dimension 2 if and only if g is conjugated to g 0 , or g is conjugated to one of the following subalgebras of u(1, 1) Cp :
rγ ic 0 −rγ r, c ∈ R , where γ ∈ C is a fixed number.
2) Let n ≥ 1. Then a subalgebra g ⊂ u(1, n + 1) is the weakly irreducible not irreducible holonomy algebra of a Lorentz-Kähler manifold of complex dimension n + 2 if and only if g is conjugated to one the following subalgebras of u(1, n + 1) Cp :
•
is an arbitrary subalgebra not contained in u(m);
is an arbitrary subalgebra;
is an arbitrary subalgebra,
is a non-zero linear map such that the image ψ(C m−r ⊕ L 0 ) ⊂ u(r) is commutative, it commutes with k 0 and has trivial intersection with k 0 .
Recall that, by definition, a special pseudo-Kähler manifold (or Calabi-Yau manifold of indefinite signature) is just a Ricci-flat pseudo-Kähler manifold. Special pseudo-Kähler manifolds are precisely pseudo-Kähler manifold with holonomy algebras contained in the special unitary Lie algebra. We imminently get the following corollary. 
Proof of Theorem 3.1.
Suppose that g ⊂ u(1, n + 1) is the weakly irreducible not irreducible holonomy algebra of a Lorentz-Kähler manifold. Then g preserves a proper real subspace W ⊂ R 2,2n+2 = C 1,n+1 . Consequently g preserves the orthogonal complement W ⊥ ⊂ R 2,2n+2 and the intersection W ∩W ⊥ , which is isotropic and must be of real dimension 1 or 2. Let W 1 = (W ∩ W ⊥ ) ⊥ . Suppose that n = 0. If W 1 ∩JW 1 = 0, then g is conjugated to a subalgebra of u(1, 1) Cp . It is not hard to write down all subalgebras of u(1, 1) Cp and decide which of them are weakly irreducible Berger subalgebras in u(1, n + 1) Cp , i.e. weakly irreducible subalgebras in u(1, n + 1) having the same algebraic properties as the holonomy algebras. In Section 6 we construct metrics with each of the obtained algebra being the holonomy algebra. If W 1 ∩ JW 1 = 0, then it is not hard to see that g is contained in g 0 . Holonomy algebras of pseudo-Riemannian manifolds of signature (2, 2) are well studied [7, 28] , by this reason we do not pay much attention to the case n = 0.
Suppose that n > 0. Then W 2 = W 1 ∩JW 1 is non-trivial, g-and J-invariant, and degenerate. Thus, g preserves the complex isotropic line W 2 ∩ W ⊥ 2 . Hence g is conjugated to a subalgebra of u(1, n + 1) Cp .
The next three sections will be dedicated to the rest of the proof of Theorem 3.1. In Section 4 we will describe weakly irreducible subalgebras in u(1, n + 1) Cp . Using this, in Section 5 we classify weakly irreducible Berger subalgebras in u(1, n + 1) Cp . In Section 6 we show that some of the obtained Berger algebras can not appear as the holonomy algebras, and we construct metrics realizing all the other Berger algebras as holonomy algebras. This will prove Theorem 3.1.
4. Weakly irreducible subalgebras in u(1, n + 1) Let U(1, n + 1) Cp be the Lie subgroup of U(1, n + 1) preserving the line Cp. This group is generated by the elements of the form:
where a ∈ C, A ∈ U(n), Z ∈ C n , and c ∈ R. Consider the group Sim C n = (R * · U (n)) ⋌ C n of similarity transformations of the Hermitian space C n and the groups homomorphism Γ : U(1, n + 1) Cp → Sim C n that sends the above elements of U(1, n + 1) Cp to eā · A ∈ R * · U (n), and Z ∈ C n , respectively. The homomorphism Γ can be constructed in the following geometrical way. The group U(1, n+ 1) acts in the natural way on the boundary ∂H n+1 of the complex hyperbolic space, which consists of complex isotropic lines in C 1,n+1 [29] . The boundary may be identified with the sphere S 2n+1 . Since the group U(1, n + 1) Cp preserves the point {Cp} ∈ ∂H n+1 , it acts on the sphere with one removed point; this space may be identified with the Heisenberg space
and the action there is given by the Heisenberg similarity transformations. Then we may consider the induced action on C n , which will give us the homomorphism Γ.
Cp is a weakly irreducible Lie subgroup in the sense that it does not preserve any non-degenerate complex subspace in C 1,n+1 .
Proposition 4.1. The subgroup Γ(G) ⊂ Sim C n does not preserve any proper complex affine subspace of C n . Consequently, if Γ(G) ⊂ Sim C n preserves a proper real affine subspace L ⊂ C n , then the minimal complex affine subspace of C n containing L is C n .
Proof. First we prove that Γ(G) ⊂ Sim C n does not preserve any proper complex vector subspace of C n . Suppose that Γ(G) preserves a proper complex vector subspace L ⊂ C n . Then,
where L ⊥ is the orthogonal complement to L in C n . We see that the group G preserves the proper non-degenerate vector subspace
n preserves a proper complex vector subspace corresponding to the affine subspace L ⊂ C n . This gives a contradiction, since it is clear that G 1 ⊂ U(1, n + 1) Cp is weakly irreducible. This proves the proposition.
Let g ⊂ u(1, n + 1) Cp be a weakly irreducible subalgebra. Let G ⊂ U(1, n + 1) Cp be the corresponding connected Lie subgroup. Suppose that Γ(G) preserves a real affine subspace L ⊂ C n . Considering, if necessary, another group G 1 conjugated to G, we may assume that L ⊂ C n is a real vector subspace. We may assume also that L is minimal in the sense that Γ(G) does not preserve any proper affine subspace in L. The induced action of Γ(G) on the Euclidean space L is by similarity transformations. Since Γ(G) does not preserve any proper affine subspace of L, it acts transitively on L [2] . Thus,
where the orthogonal complement is taken with respect to the Euclidean metric Re h, and
is the Lie group of similarity transformations of the Euclidean space L. Moreover, the projection of Γ(G) on Sim L is a transitive group of similarity transformations. The Lie algebras of the transitive Lie groups of similarity transformations of a Euclidean space E are exhausted by the following [2] :
is a subalgebra; for the second algebra, there exists an orthogonal decomposition L = W ⊕ U , f 0 ⊂ so(W ) is a subalgebra, ψ : U → so(W ) is a non-zero linear map such that f 0 ∩ ψ(U ) = 0 and ψ(U ) is commutative and it commutes with f 0 .
Let us describe the subspace L ⊂ C n . It is clear that iL ∩ L ⊂ C n is a Hermitian subspace, let us denote it by C m . Let C n−m denote the orthogonal complement to C m . We obtain the decomposition
Let e 1 , ..., e m be an h-orthonormal basis of C m . Consider a basis f m+1 , . . . , f n of the real vector space L 0 . We may assume that this basis is orthonormal with respect to Re h. There exists a skew-symmetric real matrix ω = (ω jk )
It is known, that the basis f m+1 , . . . , f n can be chosen in such a way that
for some real numbers λ k . Since h is positive definite, it holds |λ k | < 1.
and extend it to a C-linear endomorphism of C n−m . Clearly, θ ∈ u(n − m). Note that θ = 0 if and only if L 0 contains an h-orthonormal basis of C n−m . For k = 1, . . . , s, let
Then it holds θ(e m+2k−1 ) = −iλ k e m+2k−1 , θ(e m+2k ) = iλ k e m+2k and
where z u(n−m) τ denotes the ideal in u(n − m) consisting of elements commuting with τ . Suppose that the projection of
annihilates U , and it is contained in u(n), it annihilates also iU . Consequently, f is contained in (U + iU ) ⊥ . We denote this space by
We get the decomposition
and we extend the map ψ to C m−r ⊕ L 0 . Thus we may assume that W = C r , and
We conclude that if g ⊂ u(1, n + 1) Cp is a weakly irreducible subalgebra with the associated
is one of the following:
is commutative and it commutes with f 0 .
Let g 0 be the projection of g to su(1, n + 1). Note that if m > 0, then from the structure of the Lie brackets in u(1, n + 1) Cp it follows that g 0 contains the ideal iR ⊂ u(1, n + 1) Cp . Even more, below we will see that all holonomy algebras g ⊂ u(1, n + 1) Cp contain this ideal, thus it is enough to consider only such subalgebras. Then, since the kernel of Γ ′ | su(1,n+1) Cp coincides with iR, we immediately find that
Note that
Now, for the Lie algebra g we have the following there possibilities:
where ζ : g 0 → R is a linear map zero on the commutant g
Thus we conclude that if g ⊂ u(1, n + 1) Cp is a weakly irreducible subalgebra containing the ideal iR ⊂ u(1, n + 1) Cp , then g is one of the following:
Algebraic curvature tensors and Berger algebras
Let (M, g, J) be a Lorentz-Kähler manifold of complex dimension n + 2 ≥ 2, i.e. g is a pseudo-Riemannian metric of signature (2, 2n + 2) on M , and J is a parallel g-orthogonal complex structure. Consider the corresponding Lorentz-Kähler metric
be the holonomy algebra of the manifold (M, g). We identify the tangent space T x M with the Lorentz-Hermitian space C 1,n+1 . Consider the complexified tangent bundle T C M and the standard decomposition
into the direct sum of eigenspaces of the C-linear extension of J corresponding to the eigenvalues ±i. Recall that sections of T 1,0 M and T 0,1 M are of the form
where X is a vector field on M . In particular, the bundle T 1,0 M is identified with T M . The metric g allows to identify the bundle T 0,1 M with the dual bundle to T 1,0 M . Moreover, let X, Y denote both vector fields in T M and the corresponding vector fields in T 1,0 M , then it holds
where g denotes the C-bilinear extension to T C M of the initial metric g.
Fix a basis p, e 1 , . . . , e n , q in T x M as above. Denote by the same symbols p, e 1 , . . . , e n , q the basis
x M. Then the vectorsp,ē 1 , . . . ,ē n ,q form a basis of T 0,1 x M . Suppose that g ⊂ u(1, n + 1) Cp . The holonomy algebra of the complex connection ∇ coincides with the complexification g C = g ⊗ C of g. The complexification of u(1, n + 1) Cp consists of the matrices of the form
where
It is clear that this Lie algebra determines g
C . This Lie algebra allows us also to determine g, namely, consider the following anti-linear involution of g 1,0 :
Then g coincides with the set of fixed points of σ.
The symbol ∇ will denote both the Levi-Civita connection on (M, g) and the corresponding complex connection on T C M . We use the same convection for R. It is well-known that R satisfies the conditions R(JX, JY ) = R(X, Y ), R(JX, Y ) + R(X, JY ) = 0 for all vector fields on M . This implies
where the conjugation is taken with respect to u(
It holds R(X, Y ) = R(X,Ȳ ) − R(Y,X), where on the left hand side R is the curvature tensor of the connection in T M and X, Y are vector fields on X, and on the right hand side R is the curvature tensor of the complexified connection and X, Y are vector fields from T 1,0 M corresponding to the initial X, Y . Let now g ⊂ u(1, n + 1) Cp be an arbitrary subalgebra. We may carry all the above notations to this case. Denote C 1,n+1 simply by V , and as above we write
For the Lie algebra g C = g ⊗ C consider the following space of algebraic curvature tensors:
We say that g ⊂ u(1, n+1) Cp is a Berger algebra if g C is generated by the images of the elements R :
From the Ambrose-Singer theorem and the above consideration it follows that if g ⊂ u(1, n + 1) Cp is the holonomy algebra of a Lorentz-Kähler manifold, then it is a Berger algebra.
The proof of the following lemma is direct.
For an element ξ ∈ g C we denote by ξ 1,0 its projection onto gl(V 1,0 ) = gl(V ). The following lemma easily follows from the previous one. We denote by X, Y vectors from C n .
Lemma 5.3. Each algebraic curvature tensor R ∈ R(u(1, n + 1) Cp ⊗ C) is uniquely given by the equalities
Now, for an arbitrary subalgebra g ⊂ u(1, n + 1) Cp it holds
Recall that we assign to each weakly irreducible subalgebra
Cp is a weakly irreducible Berger subalgebra then it is one of the following algebras:
5.1. Proof of Theorem 5.1. We consider the Lie algebras obtained in Section 4 and verify, which of these Lie algebras are Berger algebras.
Lemma 5.4. If g ⊂ u(1, n + 1) Cp is a weakly irreducible Berger subalgebra contained in
Proof. Let R ∈ R(g C ) be as in Lemma 5.3. It is clear that both R 0 and P take their values in u(m). Consider the tensor A, which should be of the form A = iA 1 + iA 2 + a 2 id C n−m , where A 1 ∈ u(m), A 2 ∈ z u(n−m) τ , and a 2 ∈ R. Note that the complexification of the vector subspace L ⊂ g has the form
Let X ∈ iL 0 , then this and the condition R(X,q) ∈ g C imply
for all Y ∈ C n . Since X ∈ iL 0 and A 2 preserves iL, it holds τ (iA 2 X + a 2 X) = iA 2 X − a 2 X. Using (1) and the fact that T is symmetric, we obtain 
Proof. Suppose that pr C⊕u(n) g contains an element of the form i + i id C n−m +A, where A ∈ u(r). Since g is a Berger algebra, there exists R ∈ R(g C ) such that
This implies that X − pr C m−r ⊕L0 T (X) ∈ g. Considering iX, we get iX + i pr C m−r ⊕L0 T (X) ∈ g. The vectors of the last two types span C m−r ⊕ L 0 . We conclude that ψ = 0. This gives a contradiction.
The lemmas show that if g ⊂ u(1, n + 1) Cp is a weakly irreducible Berger subalgebra, then g must be one of the algebras from the statement of the theorem. Conversely it is easy to see that all algebras from the statement of the theorem are weakly irreducible Berger algebras. 
Since the metric h is pseudo-Kähler, it holds
Hence the coefficients of the metric depend on the coordinates in the following way:
It is easy the check that the inverse matrix, defined by the equality
, is given by
wherehj k is the inverse matrix to hj k . For the obtained metric and a = v it holds
i.e. the vector field ∂ v is isotropic and recurrent, consequently it defines a local parallel distribution of complex isotropic lines ℓ ⊂ T 1,0 M . We will consider the frame p, e 1 , . . . e n , q,p,ē 1 , . . .ē n ,q, where
Here C k j is a matrix such thatC Proof. Consider the Berger algebra g k as in Theorem 5.1. Suppose that m < n and suppose that g k ⊗ C is the complexification of the holonomy algebra of a Lorentz-Kähler manifold (M, h) at a point x ∈ M . Suppose that k ⊗ C contains an element
where A ∈ u(m). Suppose that a 1 = 0, or a 2 θ = 0. Consider the coordinates and a local frame as in the previous section. Note that the holonomy algebra of the induced connection on the bundle ℓ ⊥ /ℓ coincides with pr u(n) k; this subbundle and its connection may be identified with the subbundle of T 1,0 M generated by the vector fields e 1 , . . . , e n and the connection ∇ restricted and then projected to that subbundle. Let λ be one of the non-zero eigenvalues of iθ. Let E λx ⊂ span C {e m+1 , . . . , e n } be the eigenspace corresponding to the eigenvalue −a 2 (1 − λ) of the operator ξ restricted to span C {e m+1 , . . . , e n }. The corresponding subspace in ℓ ⊥ x /ℓ x is clearly holonomy-invariant, and we obtain a parallel subbundle E λ ⊂ ℓ ⊥ /ℓ. Denote by the same symbol E λ the corresponding subbundle of T 1,0 M , which is parallel modulo p. The holonomy algebra g k ⊗ C preserves the space of tensors of the form
where Z ∈ E λx and κ(Z) may be found from the condition
The element ξ acts in this subspace as the multiplication by a 1 i + a 2 λ, and its orthogonal complement in the holonomy algebra acts in this space trivially. Consequently we get a parallel subbundle F λ of the bundle of bivectors. Let y ∈ M , and γ be any curve from x to y. Then F λy = τ γ F λx , and the element
of the holonomy algebra at the point y acts on F λy as the multiplication by a 1 i + a 2 λ. The same element acts on Cp y ∧p y as the multiplication by 2a 1 i. Consequently, F λ has trivial projection to the bundle < p ∧p > generated by p ∧p, and F λ consists of sections of the formp ∧ Z − p ∧W , where Z ∈ Γ(E γ ) and W is uniquely defined by Z. For each such section and each vector field
Let V = ∂za . By the similar argument it holds h(∇ ∂z aW , q) = 0. Consequently,
This shows that the subbundle E λ ⊂ T 1,0 M is parallel. The corresponding distribution E λ ⊂ T M is also parallel, and it is non-degenerate. This gives a contradiction, since the holonomy algebra is weakly irreducible. Thus, a 1 = 0, and a 2 θ = 0. This proves the theorem.
6.3. Construction of the metrics with all possible holonomy algebras. 1) First consider the complex dimension 2. Metrics with the holonomy algebra g 0 may be found in [7, 28] .
Let a, b ∈ C be some numbers. We assume that if a = 0, then b = 0. If a = b = 0, we set
Recall that the Error function erf satisfies
This function appears here since we solve a differential equation for the potential f of the LorentzKähler metric h obtained from a condition on the curvature tensor R of h. This condition reads
We could avoid the Error function and other differentiable functions defined by conditions, if we write down the metric without giving its potential, but in this case we would have to carry about the condition (3). Let g denotes the holonomy algebra of a metric given by some potential f Similarly as in the proof of Theorem 6.2 the following may be shown: if we chose f = f C with a = i, b = 1, then g = g 1 ; if we choose f = f C with a = γ = 0, b = 0, then g = g γ 3 ; if we choose f =ūv +vu + |u| 4 , then g = g 0 3 ; finally, the holonomy algebra of the metric h = eū v dūdv + ev u dvdu coincides with g 2 . 2) Let n ≥ 1. Denote by v, z 1 , ..., z n , u the coordinates on C n+2 . Let k ⊂ C ⊕ u(n) be a subalgebra. Let us choose the following elements spanning k:
where a, b ∈ C, A 1 , ..., A N ∈ u(n). We may assume the following: if a = 0, then b = 0; if a = 0 (resp. b = 0), then A 1 (resp. A 2 ) belongs to the center of pr u(n) k.
Consider the following Hermitian matrices:
Define the function
where e G is the matrix exponential and
We may suppose that the basis e 1 , . . . , e n is chosen in such a way that, for some 0 ≤ n 0 ≤ m, A 1 restricted to C n0 = span C {e 1 , . . . , e n0 } is an isomorphism of C n0 , and it annihilates span C {e n0 , . . . , e n }. Define the following function:
Consider the Lie algebra g k,J,L . We assume that a = i, b = 0,
whereÃ 1 ∈ u(m), and A 2 , . . . , A N ∈ u(m). Let n 0 be the number defined byÃ 1 in the same way as it was defined above by A 1 . Let
Consider the Lie algebra g k,L . We assume that a = b = 0, A 1 , . . . , A N ∈ u(m). Using the real form L 0 ⊂ C n−m , we define the matrix
and
Let us turn to the algebra g k0,ψ . Let
Consider the unitary matrices
, where, as above, f m+1 , . . . , f n is a basis of the real vector space L 0 . Let A n+m−2r+2 , ..., A N be a basis of k 0 . Let
Using this matrix, we define the function
Finally consider the function
Theorem 6.2. The holonomy algebras of the the Lorentz-Kähler metrics with the potentials f 1 , f 2 , f 3 , f 4 coincide respectively with the Lie algebras
6.4. Proof of Theorem 6.2. Let (M, h) be a Lorentz-Kähler manifold, let g ⊂ u(T x M ) be the holonomy algebra of the Levi-Civita connection on (M, h). Recall that the complexification g ⊗ C ⊂ gl(T C x M ) coincides with holonomy algebra of the induced complex connection on T C M , and it is determined by the projection of g ⊗ C to gl(T 1,0 x M ). The holonomy algebra g ⊗ C is generated by the following elements:
Let z a be local complex coordinates on M . We denote by R 1,0 (∂ z a , ∂zb ) the matrix of the field of the endomorphisms R(∂ z a , ∂zb ) restricted to T 1,0 M . Recall that the Christoffel symbols Γ The components of the curvature tensor are defined by the equality
Only the following coefficients may be non-zero: 
It holds
Let now h be the metric defined by a potential f from the theorem. It holds
We will consider the frame p, e 1 , . . . e n , q,p,ē 1 , . . .ē n ,q, where
Using this frame, the curvature tensor of the metric h can be expressed through some tensor fields in the same way as in Section 5 (we will use the same notations). Note that Next,
Consequently,
Similarly,
Let g ⊂ u(1, n + 1) be the holonomy algebra of the metric h at the point 0.
Lemma 6.1. It holds pr C⊕u(n) g = k.
Proof.
It is easy to check that
Consequently, a non-trivial value at the point 0 at the position (v, v) may have only the matrices of the following covariant derivative of R:
. LetR(X,Ȳ ) be the similar matrix obtained from R and vector fields X, Y ∈ T 1,0 M . Let X, Y ∈ {p, e 1 , . . . , e n , q}, then the last matrixR(X,Ȳ ) is non-zero only for X = Y = q. Moreover, R(q,q) =R(∂ u , ∂ū).
It holdsΓ
The formula for the derivation of the matrix exponential reads [42, Sec. 5, Th. 1.2]:
Next,R (q,q) = −∂ūΓ u . Proof. From (4) it follows that
Note that the covariant derivative with respect to ∂ u contains the Lie brackets with the matrix Γ u . On the other hand,Γ u is dividable byū, consequently
Note that since all terms in G contain the same powers of u andū, it holds
Here we used the symmetry in r 1 , r 2 combined with the skew-symmetry of the Lie brackets, and the fact that G(0) = 0. By the same reason
as well as all terms containing more Lie brackets with G, are zero.
Note that in particular,
The elements A 1 and A 2 are in the center of pr u(n) k, consequently, by the construction, the other covariant derivatives ofR at the point 0 take values in the subalgebra of pr gl(n,C) k orthogonal to A 1 and A 2 . Using this and comparing the last equalities with (5), we conclude that k ⊂ pr C⊕u(n) g. The inverse inclusion easily follows from the the construction and the above formulas. Lemma 6.1 is proved. Let now f = f 1 .
Lemma 6.3. It holds C n ⋉ iR ⊂ g.
Proof.
We know already that each holonomy algebra contains iR. It holds
Next, T (e j ) = 0 for j = 1, . . . , n 0 , and T (e j ) = −iē j for j = n 0 + 1, . . . , n. This shows that g contains A 1 e j , iA 1 e j ∈ C n for j = 1, . . . n 0 . From the definition of n 0 it follows that g contains C n0 . For each j > n 0 , g contains e j and ie j . We conclude that g contains C n ⋉ iR. From Lemmas 6.1 and 6.3 it follows that g = g k . Suppose that f = f 2 .
Similarly as in Lemma 6.3 it can be shown that
Consequently, g contains R n−m . The covariant derivatives of this tensor give trivial projections on C n−m . Finally, K = 0, i.e. Suppose that f = f 3 . In this case k ⊂ u(m). As above it can be shown that
Together with the proof of Lemma 6.1 this shows that pr u(n) g = k ⊂ g. The covariant derivatives of K will give L 0 ⊂ g. Finally, pr <em+1,...,en> •T = 0. Thus, g = g k,L . The metric with the potential f 4 may be considered in the same way. We will get g = g k0,ψ . The theorem is proved.
Example: the space of oriented lines in R 3
The space of oriented lines in R 3 admits the following Lorentz-Kähler metric [30] :
It is easy to show that it holds
This implies that the holonomy algebra of the metric h coincides with u(1, 1) Cp .
Complex pp-waves
Here we give the following characterization of the complex pp-waves.
Theorem 8.1. Let (M, h) be a Lorentz-Kähler manifold of complex dimension n + 2 ≥ 2 with a parallel isotropic vector field p ∈ Γ(T M ). Then the following conditions are equivalent:
1) The holonomy algebra g of (M, h) is contained in C n ⋉ iR ⊂ u(1, n + 1) Cp .
2) The curvature tensor of the Levi-Civita connection satisfies R(p ⊥ , p ⊥ ) = 0.
3) The curvature tensor of the extension of the Levi-Civita connection to
and the coefficients of the metric depend on the coordinates in the following way:
5) Locally M admits complex coordinates v, z 1 , . . . , z n , u such that the potential of h is of the form
Proof. From results of Section 5 it follows that the first three conditions are equivalent. It is obvious that the last two conditions are equivalent. Using computations as in Section 6.4, it is not hard to show that the fourth condition implies the third one. Let us show that the third condition implies the fourth one.
Consider local coordinates as in Section 6.1. There exists a function α such that p = α∂ v . Since ∇p = 0, it holds ∂za α = 0. Considering the coordinate transformatioñ
where the function F satisfies ∂ v F = 1 α , we get p = ∂ṽ. This allows us to assume that
Consequently, ∂ a hū v = 0.
from this and Section 6.1 it follows that hū v is a function ofū. Introducing the new coordinateũ such that hū v dū = dū, we get hū v = 1, i.e. we may assume that hū v = 1. It is clear that the induced connection in the bundle p ⊥ / < p > (where p is considered as a vector field in T 1,0 M ) is flat. Consequently, there exist vector fields e 1 , . . . , e n ,ē 1 , . . . ,ē n such that h(ē k , e j ) = δ ij , e j = B k j ∂ z k modulo p; moreover, these vector fields are parallel modulo p. From this condition it follows that
Consider the family of Kählerian metrics h 0 = hk j dz k dz j depending on the parameters u,ū. The u-families of vector fields e 1 , . . . , e n ,ē 1 , . . . ,ē n are parallel with respect to the connections defined the families of these metrics. Consequently,
and there exist coordinatesz 1 , . . .z n such that e j = ∂zj and
Since B j k are functions of the variables z 1 , . . . z n , u, the coordinatesz 1 , . . . ,z n are related to z 1 , . . . , z n by a holomorphic transformation depending holomorphically on the parameter u. By this reason, we may consider the new coordinates v,z 1 , . . . ,z n , u. With respect to these coordinates it holds hk j = 0. The equality (3) implies the proof of the theorem.
Lorentz-Kähler symmetric spaces
Berger [11] classified indecomposable simply connected pseudo-Riemannian symmetric spaces with simple groups of isometries. Classification of simply connected Lorentz-Kähler symmetric spaces is obtained in [35] . Here we give an alternative formulation of this result in terms of the curvature and holonomy.
Let (M, g) be a simply connected pseudo-Riemannian symmetric space. Let H be the group of transvections and G ⊂ H be the stabilizer of a point x ∈ M , then the holonomy group of (M, g) coincides with the isotropy representation of G. The groups H and G, and consequently the manifold (M, g), may me reconstructed from the holonomy algebra g ⊂ so(m) (m = T x M ), of (M, g) and the value R x of curvature tensor of (M, g) at the point x in the following way, see e.g. [1] . Define on the vector space h = g ⊕ m the structure of the Lie algebra in the following way: where A, B ∈ g and X, Y ∈ m. Then H may be found as the simply connected Lie group with the Lie algebra h, and G ⊂ H is the connected Lie subgroup corresponding to the subalgebra g ⊂ h. Note that it holds g = R x (m, m).
Thus in order to classify indecomposable simply connected Lorentz-Kähler symmetric spaces it is enough to find all weakly irreducible holonomy algebras g ⊂ u(m) (m = C 1,n+1 ) admitting g-invariant surjective maps R : Λ 2 m → g that satisfy the Bianchi identity. It is convenient to consider the complex extension of R and use the results of Section 5.
For an indecomposable symmetric space (M, g) the following conditions are equivalent [1] : h is simple; g ⊂ so(m) is totally reducible; the Ricci tensor of (M, g) is non-degenerate.
If g ⊂ u(1, n+1) is irreducible, then the above equivalent conditions imply that g = u(1, n+1), and we obtain the complex de Sitter and anti de Sitter symmetric spaces: dS n+2 (C) = SU(1, n + 2)/ U(1, n + 1), AdS n+2 (C) = SU(2, n + 1)/ U(1, n + 1).
The subalgebra g 0 ⊂ u(1, 1) can not be the holonomy algebra of a symmetric space since it is completely reducible and is contained in su(1, 1) (i.e. the corresponding space would have to be Ricci-flat).
Thus we may assume that g ⊂ u(1, n + 1) is weakly irreducible and it is contained in u(1, n + 1) Cp . Using the classification of holonomy algebras, results of Section 5 and solving a simple exercise in linear algebra we arrive to the following theorem (we give the non-zero values of R on the basis vectors). id C m , where 1 ≤ j ≤ m, m + 1 ≤ k ≤ n. In the case c), g ⊂ u(1, 1) is completely reducible, and it corresponds to the symmetric space SL(2, C)/C * of simple isometry group. Symmetric spaces corresponding to other pairs have nonsimple isometry groups and they are found in [35] . Spaces corresponding to the cases a), b), d) and e) are described also in [1] .
